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HARDY INEQUALITIES FOR (k, a)-GENERALIZED
FRACTIONAL HARMONIC OSCILLATOR
WENTAO TENG
Abstract. In this paper, we prove a Hardy inequality for fractional powers
of the a-deformed Dunkl harmonic operator △k,a := |x|
2−a△k − |x|
a. The
operator △k,a is interpreted in the framework of sl2-representation. Our proof
also implies a simpler proof of the Hardy inequality for fractional powers of
the Dunkl-Hermite operator in [3], a special case of the Hardy inequality in
this paper. In [3], the authors proved the Hardy inequality for the a = 2 case
using Dunkl-Hermite expansions. In this paper, we will prove the a-deformed
Hardy inequality using the basis given in [2] in terms of Laguerre polynomials.
1. Introduction
The classical Hardy inequality on RN says that
(N − 2)2
4
∫
RN
|f (x)|2
|x|2 dx ≤
∫
RN
|∇f(x)|2 dx, N ≥ 3.
It can be generalized to many other contexts and operators. Given 0 < σ < 1, we
are interested in Hardy inequalities of the form
(1.1)
∫
X
|f (x)|2(
1 + |x|2
)σ dη (x) ≤ Bσ 〈Lσf, f〉 ,
where Lσ is the fractional powers of a non-negative self-adjoint operator L.
In [6], D. Gorbachev, V. Ivanov and S. Tikhonov proved a sharp Pitt’s inequality
for Dunkl transform in L2
(
RN
)
. Such Pitt’s inequalities can be viewed as a Hardy
inequality of the form (1.1) for fractional powers of the Dunkl Laplacian △k. They
also proved a sharp Pitt’s inequality for the generalized Fourier transform Fk,a. By
the formula (5.6 b) in [2],
Fk,a
(
|·|2−a∆kf
)
(ξ) = − |ξ|a Fk,a (f) (ξ) .
The fractional powers of |x|2−a∆k can be naturally defined as follows,
Fk,a
((
|·|2−a∆k
)β
f
)
(ξ) = (− |ξ|a)β Fk,a (f) (ξ) .
And so the Pitt’s inequality in [6] can also be viewed as a Hardy inequality of
the form (1.1), and it recedes to the Hardy inequality for fractional powers of the
Dunkl Laplacian when a = 2. The two Pitt’s inequalities imply the logarithmic
uncertainty principle for the Dunkl transform and Fk,a, respectively.
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2But guessingly, the expressions for the errors in such Hardy inequalities could
not be accomplished using the ground state representation. O´. Ciaurri, L. Roncal
and S. Thangavelu [3] achieved this goal by working with conformally invariant
fractional powers, and they proved the Hardy inequality for conformally invariant
fractional powers of Dunkl-Hermite operators Hk = −△k + |x|2.
Theorem 1.1. (see [3]) Let us define the constant
Bδα,σ := δ
σ Γ
(
α+2+σ
2
)
Γ
(
α+2−σ
2
) .
For 0 < σ < 1, δ > 0,
Bδλ,σ
∫
RN
|f(x)|2(
δ + |x|2
)σ hk(x)dx ≤ 〈Hk,σf, f〉L2(RN ,hk)
for all f ∈ C∞0 (0,∞), where λ := N2 + 〈k〉 − 1.
In this paper we will prove a Hardy inequality of type (1.1) for fractional powers
of the a-deformed differential-difference operator △k,a := |x|2−a△k − |x|a.
Theorem 1.2. For 0 < σ < 1, δ > 0,
a
2
Bδλa,σ
∫
RN
|f(x)|2(
δ +
2
a
|x|a
)σ ϑk,a(x)dx ≤ 〈−△k,a;σf, f〉L2(RN ,ϑk,a)
for all f ∈ C∞0 (0,∞), where λa := 2aλ.
When a = 2, this inequality recedes to the Hardy inequality in Theorem 1.1. We
will prove this a-deformed Hardy inequality using the basis given in [2] in terms
of Laguerre polynomials and interpret △k,a in the framework of sl2-representation.
Our proof also implies a simpler proof of Theorem 1.1, rather than using Dunkl-
Hermite expansions for the a = 2 case in [3]. We will give the definition of the
modified fractional operator △k,a;σ in Section 4.
Remark 1.3. Coincidently, the uncertainty principle for Dunkl transforms was also
proved using the two different expansions successively. It was first proved by Ro¨sler
using Dunkl-Hermite expansions(see [8]), and was then proved by Shimeno [9] using
the expansion in terms of the basis related to Laguerre polynomials given by Dunkl
[5], which is the special case when a = 2 of the expansion we will use in this paper.
This paper is organized as follows. In Section 2, we introduce the tools and
concepts we will use to prove our main theorem, including Dunkl operators and
Dunkl transform, spherical h-harmonics, the construction of orthonormal basis in
L2
(
RN , ϑk,a (x) dx
)
, infinitesimal representation of sl(2,R), and the (k, a)-generalized
Fourier transform. We refer to [1, 2] for the tools and concepts. In Section 3, we
prove a Hardy inequality for the fractional a-deformed Laguerre operator, which
recedes to the Hardy inequality for fractional Laguerre operator given in [3] when
a = 2. In Section 4 we will clarify that the a-deformed Dunkl harmonic oscillator
∆k,a is the infinitesimal generator of the semigroup T
k,a
t := e
t△k,a , t ≥ 0 and give
the proof of Theorem 1.2. We will prove the relationship between T k,at and the
a-deformed Laguerre semigroup analogous to the Theorem 4.5 in [3]. But we will
not repeat the procedures that are the same with the proof of Theorem 1.1.
32. Preliminaries
2.1. Dunkl operators and Dunkl transform.
Given a root system R in the Euclidean space RN , the finite subgroup G of O(N)
generated by the reflections σα is called the Weyl group(relection group) of the
root system. Define a multiplicity function k : R→ C such that k is G-invariant,
that is, k (α) = k (β) if σα and σβ are conjugate. We assume k > 0 in this paper.
The Dunkl operators Tξ, ξ ∈ RN , which were introduced in [4], are defined by the
following deformations by difference operators of directional derivatives ∂ξ:
Tξf(x) = ∂ξf(x) +
∑
α∈R
k(α)
2
〈α, ξ〉 f(x)− f(σα(x))〈α, x〉
= ∂ξf(x) +
∑
α∈R+
k(α) 〈α, ξ〉 f(x)− f(σα(x))〈α, x〉 ,
where R+ is any fixed positive subsystem of R. They commute pairwise and are
skew-symmetric with respect to the G-invariant measure dmk(x) = hk(x)dx, where
hk(x) =
∏
α∈R
| 〈α, x〉 |k(α).
Denote by N = N + 2 〈k〉 the homogeneous dimension of the root system, where
〈k〉 := ∑α∈R+ k(α). Let ej, j = 1, 2, ..., N, be the canonical orthonormal basis in
RN and denote Tj = Tej . The Dunkl Laplacian is defined by △k =
∑N
j=1T
2
j . It
has the following explicit expression,
△kf (x) = △euclf (x) + 2
∑
α∈R+
k (α)
(
〈∇euclf, α〉
〈α, x〉 −
f (x)− f (σα (x))
〈α, x〉2
)
.
The operators ∂ξ and Tξ are intertwined by a Laplace-type operator
Vkf(x) =
∫
RN
f(y)dµx(y),
associated to a family of probability measures
{
µx| x ∈ RN
}
with compact support.
Specifically, the support of µx is contained in the convex hull co(G · x), where
G · x = {g · x| g ∈ G} is the orbit of x.
The Dunkl kernel E(x, y) is defined by
E (x, y) = Vk
(
e〈·,y〉
)
(x) =
∫
Rd
e〈η,y〉dµx (η) .
It is the generalization of exponential function e〈x,y〉. For any fixed y ∈ RN , the
Dunkl kernel E(x, y) is the unique analytic solution to the differential equation
system
Tξf = 〈ξ, y〉 f, f(0) = 1.
For f ∈ L1(mk) the Dunkl transform is defined by
F (f)(ξ) =
1
ck
∫
RN
f(x)E(−iξ, x)dmk(x), ck =
∫
RN
e−
|x|2
2 dmk(x).
It is a generalization of and has similar properties with the classical Fourier trans-
form.
42.2. Spherical h-harmonics.
An h-harmonic polynomial of degree m is a homogeneous polynomial p on RN of
degree m satisfying △kp = 0. Spherical h-harmonics of degree m are then defined
as the restrictions of h-harmonic polynomials of degree n to the unit sphere SN−1.
Denote by Hmk
(
RN
)
the space of h-harmonic polynomials of degree m. Then there
is the spherical harmonics decomposition
(2.1) L2
(
SN−1, hk (x′) dσ(x′)
)
=
⊕∑
m∈N
Hmk
(
RN
)
.
The spaces Hmk
(
RN
)
, m = 0, 1, 2, . . . are finite dimensional and orthogonal to
each other with respect to weight hk (x
′) dσ(x′). Let {Y mi : i = 1, 2, · · · , d(m)} be
an orthonormal basis of Hmk
(
RN
)
, where d(m) = dim
(Hmk (RN)). They are the
eigenvectors of the generalized Laplace-Beltrami operator △k,0.
Consider the weight function ϑk,a (x) = |x|a−2hk(x). It equals to hk (x′) for
any x′ ∈ SN−1 and recedes to hk(x) when a = 2. For the polar coordinates
x = rx′(r > 0, x′ ∈ SN−1),
ϑk,a (x) dx = r
2〈k〉+N+a−3ϑk,a (x′) drdσ(x′),
where dσ(x′) is the standard measure on SN−1. Accordingly, we have the ϑk,a
harmonic expansion for f ∈ L2 (RN , ϑk,a (x) dx),
(2.2) f (rx′) =
∞∑
m=0
d(m)∑
i=1
fm,i(r)Y
m
i (x
′),
where
fm,i(r) =
∫
SN−1
f (rx′)Y mi (x
′)hk(x′)dσ(x′).
2.3. Orthonormal basis in L2
(
RN , ϑk,a (x) dx
)
.
From the spherical harmonic decomposition (2.1) of L2
(
SN−1, hk (x′) dσ(x′)
)
,
there is a unitary isomorphism
⊕∑
m∈N
(Hmk
(
RN
) |SN−1)⊗ L2 (R+, r 2〈k〉+N+a−3dr) ∼−→ L2 (RN , ϑk,a (x) dx) .
The Laguerre polynomial is defined by
Lλl (t) :=
l∑
j=0
(−1)jΓ(λ+ l + 1)
(l − j)!Γ(λ+ j + 1)t
j .
Set
λk,a,m :=
2m+ 2 〈k〉+N − 2
a
=
2
a
(λ+m).
Proposition 2.1. (see [1, Proposition 3.15]) For fixed m ∈ N, a > 0, and a
multiplicity function k satisfying 2m+ 2 〈k〉+N + a− 2 > 0. Set
ψ
(a)
l,m(r) :=
(
2λk,a,m+1Γ(l + 1)
aλk,a,mΓ(λk,a,m + l + 1)
)1/2
rmL
λk,a,m
l
(
2
a
ra
)
exp
(
−1
a
ra
)
.
Then
{
ψ
(a)
l,m(r) : l ∈ N
}
forms an orthonormal basis in L2
(
R+, r
2〈k〉+N+a−3dr
)
.
5For each fixedm ∈ N, we take the orthonormal basis of {Y mi : i = 1, 2, · · · , d(m)}.
Lemma 2.1 yields the orthonormal basis in L2
(
RN , ϑk,a (x) dx
)
immediately.
Corollary 2.2. (see [2, Corollary 3.17]) Suppose a > 0 and k satisfy that 2m +
2 〈k〉+N + a− 2 > 0, Set
(2.3) Φ
(a)
l,m,j (x) := Y
m
j
(
x
|x|
)
ψ
(a)
l,m (|x|) .
Then {
Φ
(a)
l,m,j|l ∈ N, m ∈ N, j = 1, 2, · · · , d(m)
}
forms an orthonormal basis of L2
(
RN , ϑk,a (x) dx
)
.
2.4. Infinitesimal representation of sl(2,R).
We take a basis of the Lie algebra sl(2,R) as
e+ :=
[
0 1
0 0
]
, e− :=
[
0 0
1 0
]
, h :=
[
1 0
0 −1
]
.
The triple {e+, e−,h} is an sl2 triple, i.e.[
e+, e−
]
= h,
[
h, e+
]
= 2e+,
[
h, e−
]
= −2e−.
Denote by Wk,a
(
RN
)
the subspace generated by the basis{
Φ
(a)
l,m,j |l ∈ N, m ∈ N, j = 1, 2, · · · , d(m)
}
.
It is a dense subset of the Hilbert space L2
(
RN , ϑk,a (x) dx
)
. Define the a-deformed
Dunkl-type harmonic oscillator with domain Wk,a
(
RN
)
as follows,
∆k,a = |x|2−a∆k − |x|a, a > 0.
It is an essentially self-adjoint operator on L2
(
RN , ϑk,a (x) dx
)
.
The operator ∆k,a can be interpreted in the framework of the (infinite dimen-
sional) representation of the Lie algebra sl(2,R). Let
E+k,a :=
i
a
|x|a , E−k,a :=
i
a
|x|2−a△k, Hk,a := N + 2 〈k〉+ a− 2
a
+
2
a
N∑
i=1
xi∂i.
Then E+k,a, E
−
k,a and Hk,a form an sl2 triple for any a 6= 0 and multiplicity function
k. This implies that we can define a Lie algebra homomorphism ωk,a,
ωk,a : sl (2,R)→ End
(
C∞
(
RN , \ {0})) ,
where
ωk,a (h) = Hk,a, ωk,a
(
e+
)
= E+k,a, ωk,a
(
e−
)
= E−k,a.
This homomorphism can be extended to U (sl (2,C)), the universal enveloping al-
gebra of the complexification of sl (2,R), as a C- algebra homomorphism.
Set
k := Ad(c)h, n+ := Ad(c)e+, n− := Ad(c)e−,
where c is the unitary matrix 1√
2
(−i −1
1 i
)
. Then
(2.4) ωk,a (k) = −1
a
△k,a.
6Set H˜k,a := ωk,a (k) , E˜
+
k,a := ωk,a (n
+) , E˜−k,a := ωk,a (n
−). Then H˜k,a, E˜+k,a, and
E˜−k,a also form an sl2 triple.
Now we exhibit the action of the sl2 triple {k, n+, n−} on the basis Φ(a)l,m,j(x).
Theorem 2.3. (see [2, Theorem 3.21]) The subspaceWk,a
(
RN
)
of L2
(
RN , ϑk,a (x) dx
)
is stable under the action of sl2. More precisely,
ωk,a (k)Φ
(a)
l,m,j = (2l+ λk,a,m + 1)Φ
(a)
l,m,j,(2.5)
ωk,a
(
n+
)
Φ
(a)
l,m,j = i
√
(l+ 1) (l + λk,a,m + 1)Φ
(a)
l+1,m,j ,(2.6)
ωk,a
(
n−
)
Φ
(a)
l,m,j = i
√
l (l + λk,a,m)Φ
(a)
l−1,m,j.(2.7)
The infinitesimal representation ωk,a of sl (2,R) can be lifted to a unique unitary
representation, to be denoted by Ωk,a, of the universal covering group ˜SL(2,R) of
SL(2,R).on the Hilbert space L2
(
RN , ϑk,a (x) dx
)
Theorem 2.4. (see [2, Theorem 3.31]) Suppose a > 0 and k is a multiplicity
function satisfying
a+ 2 〈k〉+N − 2 > 0,
then
ωk,a(X) =
d
dt
∣∣∣∣
t=0
Ωk,a (Exp(tX)) , X ∈ sl (2,R)
on Wk,a
(
RN
)
, the dense subset of L2
(
RN , ϑk,a (x) dx
)
.
2.5. The (k, a)-generalized Fourier transform.
The (k, a)-generalized Fourier transform was introduced by S. Ben Sa¨ıd, T.
Kobayashi and B. Ørsted(see [1, 2]). It is defined by
Fk,a := cΩk,a
(
γi pi
2
)
= c exp
(
pii
2a
∆k,a
)
,
where γz := Exp (−zk) and c = eipi(
2〈k〉+N+a−2
2a
). The operator Fk,a is a bijective
linear operator such that the Plancherel formula holds for f ∈ L2 (RN , ϑk,a (x) dx).
By Schwartz kernel theorem, Fk,a has an integral representation by means of a
distribution kernel,
Fk,af(ξ) = ck,a
∫
RN
Bk,a (ξ, x) f(x)ϑk,a(x)dx.
The distribution kernel Bk,a (ξ, x) is given by
Bk,a (x, y) = e
ipi( 2〈k〉+N+a−2
2a
) Λk,a
(
x, y; i
pi
2
)
,
and ck,a is the normalizing constant
ck,a := (
∫
RN
exp
(
−1
a
‖x‖a
)
ϑk,a (x) dx)
−1
.
We refer to [2] for the details on the kernel Λk,a. The transform Fk,a reduces to the
Euclidean Fourier transform if k = 0 and a = 2; to the Kobayashi-Mano Hankel
transform if k = 0 and a = 1; to the Dunkl transform if k > 0 and a = 2.
73. A Hardy inequality for the fractional a-deformed Laguerre
Operator
For aα+ a− 1 > 0, the a-deformed Laguerre differential operator is defined by
(3.1) La,α = −r a2−1 d
2
dr2
+ ra − (aα+ a− 1) 1
ra−1
d
dr
.
It is symmetric on L2 (0,∞) with respect to the measure dµa,α(r) = raα+a−1‘dr.
When a = 2, the operator recedes to the Laguerre operator studied in [10, Chapter
6].
Define the Laguerre functions of type α as
ϕa,αl (r) =
(
2α+1Γ(l + 1)
aαΓ(α+ l + 1)
)1/2
Lαl
(
2
a
ra
)
exp
(
−1
a
ra
)
, l = 0, 1, · · · .
They are the eigenfunctions of the Laguerre operator (3.1). Indeed,
La,αϕ
a,α
l = a (2l+ α+ 1)ϕ
a,α
l , l = 0, 1, · · · .
We only need to substitute r by
√
2
ar
a
2 in [3, (3.3)] to get this.
Notice that
(3.2) ϕ
a,λk,a,m
l (r) = r
−mψ(a)l,m(r).
The following Corollary is got immediately from Proposition 2.1.
Corollary 3.1. For aα+a−1 > 0, ϕa,αl , l = 0, 1, · · · form an orthogonormal basis
of L2 ((0,∞) , dµa,α)
It is natural to define fractional powers of Laguerre operators as
Lσa,αϕ
a,α
l = (a (2l+ α+ 1))
σ
ϕa,αl , l = 0, 1, · · · .
But it is more convenient to work with the modified fractional operator La,α;σ with
the spectrum
4σ
Γ
(
a(2l+α+1)
4 +
1+σ
2
)
Γ
(
a(2l+α+1)
4 +
1−σ
2
)
to use ground state representation. In short,
La,α;σ = 4
σ
Γ
(
La,α
4 +
1+σ
2
)
Γ
(
La,α
4 +
1−σ
2
) .
The heat semigroup related to the a-deformed Laguerre operator La,α is defined
on L2 ((0,∞) , dµa,α) by
e−tLa,αf := Ta,α;tf =
∞∑
l=0
e−ta(2l+α+1)〈f, ϕa,αl 〉dµa,αϕ
a,α
l , t > 0.
For δ > 0 and aα+ a− 1 > 0, Denote
ωδ,aα,σ(r) := cα,σ
(
δ + 2ar
a
)−(α+1+σ)/2
K(α+1+σ)/2
(
δ + 2ar
a
2
)
,
8where Kν is the Macdonald’s function of order ν(see [7, Chapter 5, Section 5.7],
and cα,σ is the constant
cα,σ :=
√
pi21−σ
Γ [(α+ 2 + σ)/2]
.
And In [3], the authors proved a Hardy inequality for fractional Laguerre operator
for the a = 2 case,
Theorem 3.2. Let 0 < σ < 1, δ > 0, and 2α+ 1 > 0. Then
Bδα,σ
∫ ∞
0
|f(r)|2
(δ + r2)
σ dµα(r) ≤
4σ
δσ
(
Bδα,σ
)2 ∫ ∞
0
|f(r)|2 ω
δ
α,σ(r)
ωδα,−σ(r)
dµα(r) ≤
〈
Lα,σf, f
〉
dµα
for all f ∈ C∞0 (0,∞),
Taking f as the Laguerre functions for the a = 2 case, and then substituting r
by
√
2
ar
a
2 , we get
a
2
Bδα,σ
∫ ∞
0
|ϕa,αl (r)|2(
δ +
2
a
ra
)σ dµa,α(r)
≤ a
2
4σ
δσ
(
Bδα,σ
)2 ∫ ∞
0
|ϕa,αl (r)|2
ωδ,aα,σ(r)
ωδ,aα,−σ(r)
dµa,α(r) ≤ 〈La,α;σϕa,αl , ϕa,αl 〉dµa,α
for aα+ a− 1 > 0. Then using the expansion via Laguerre functions, we derive the
a-deformed Hardy inequality.
Theorem 3.3. Let 0 < σ < 1, δ > 0, and aα+ a− 1 > 0. Then
a
2
Bδα,σ
∫ ∞
0
|f(r)|2(
δ +
2
a
ra
)σ dµa,α(r)
≤ a
2
4σ
δσ
(
Bδα,σ
)2 ∫ ∞
0
|f(r)|2 ω
δ,a
α,σ(r)
ωδ,aα,−σ(r)
dµa,α(r) ≤ 〈La,α;σf, f〉dµa,α
for all f ∈ C∞0 (0,∞),
4. Proof of Theorem 1.2
By (2.4) and (2.6), Φal,m,j are eigenfunctions for −∆k,a,
−∆k,aΦal,m,j (x) = a (2l+ λk,a,m + 1)Φal,m,j (x) .
Given 0 < σ < 1, we define −∆k,a;σ to be the operator
−∆k,a;σ =
Γ
(
−∆k,a
2 +
1+σ
2
)
Γ
(−∆k,a
2 +
1−σ
2
) .
It follows from Theorem 2.4 that the a-deformed Dunkl harmonic oscillator
∆k,a is the infinitesimal generator of the semigroup T
k,a
t := e
t△k,a , t ≥ 0. And
T k,at is precisely the (k, a)-generalized Laguerre semigroup Ωk,a (γta). Equivalently,
9u(x, t) = et△k,af(x) is the unique solution to the heat equation associated with the
a-deformed Dunkl harmonic oscillator, i.e.
∂
∂t
u(x, t) = △k,au(x, t), u(x, 0) = f(x), t > 0, x ∈ RN .
In terms of the spectral decomposition,
T k,at f (x) =
∑
l,m,j
e−ta(2l+λk,a,m+1)
〈
f,Φal,m,j
〉
Φal,m,j (x) , f ∈ L2
(
RN , ϑk,a (x) dx
)
.
To prove Theorem 1.2, we only need to prove the relationship between a-deformed
Dunkl harmonic oscillator semigroup and the a-deformed Laguerre semigroup, which
is an analogous result to the Theorem 4.5 in [3]. We will not repeat other proce-
dures given in [3] here. We will write ϕ
a,λk,a,m
l (r) as ϕ
λk,a,m
l (r) and Ta,λk,a,m;t as
Tλk,a,m,t for simplification.
Theorem 4.1. For x ∈ RN , x = rx′, with r ∈ R+ and x′ ∈ SN−1, then
(4.1) T k,at f (x) =
∑
m,j
Ym,j(x
′)rmTλk,a,m,t
(
(·)−m fm,j
)
(r) .
Proof. We apply the spherical harmonic expansion (2.2) to the spectral definition
of T k,at f (x) and by (2.3), (3.2),
T k,at f (x) =
∑
l,m,j
e−ta(2l+λk,a,m+1)
〈
f,Φal,m,j
〉
Φal,m,j (x)
=
∞∑
m=0
d(m)∑
j=0
∞∑
l=0
∫ ∞
0
fm,j (r)ψ
(a)
l,m (r) r
2〈k〉+N+a−3dr·
e−ta(2l+λk,a,m+1)ψ(a)l,m (r) Ym,j(x
′)
=
∞∑
m=0
d(m)∑
j=0
∞∑
l=0
∫ ∞
0
fm,j (r) r
−mϕλk,a,ml (r) r
aλk,a,m+a−1dr·
e−ta(2l+λk,a,m+1)ϕλk,a,ml (r) r
mYm,j(x
′)
=
∑
m,j
Ym,j(x
′)rmTλk,a,m,t
(
(·)−m fm,j
)
(r) .

Remark 4.2. Formula (4.1) implies the high dimensional (k, a)-generalized Laguerre
semigroup can be expanded by one dimensional Laguerre semigroups. We call
this expansion as spherical harmonic expansion of (k, a)-generalized Laguerre semi-
group.
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